This paper presents the design and the initial experimental results of a novel impact oscillator rig developed by the Centre of Applied Dynamic Research at the University of Aberdeen. In this rig, the excitation force is generated electromagnetically and it acts directly on the mass in contrast to the most of the experimental set-ups where the excitation passes through the structure. This significantly enhances flexibility of the system allowing to observe subtle phenomena. The evolution of the design from an initial concept to the finalised rig is discussed in details where a special attention is paid to the instrumentation and parameter identification which are important for the mathematical modelling. The initial experimental results demonstrate potentials of this rig to study fundamental impact phenomena, which have been observed in various engineering systems. They also indicate that this new rig can be a good platform for investigating nonlinear control methods.
Introduction
Impacts appear in a wide range of real systems, and understanding of these nonlinear phenomena is essential for further improvement in machine design and drilling processes [1] [2] [3] [4] amongst others. In some cases, impacts are imperative part of the system operation, but they also may result from ageing of parts, thermal deformation or design tolerances. For example, in rotor dynamics, effects of bearing clearances are very important, and they were investigated using Jeffcott rotor model [5] where the interactions between a mass imbalanced rotor and a snubber ring without preloading of the snubber ring [6] and with a preloading [7, 8] were considered, and different impacting scenarios depending on the regimes of operation of the rotor were described [9] . Another illustration of a practical relevance of impacts is the behaviour of mooring lines which are repeatedly slacken and then tighten again under wave forcing [10] , and a small floating structure moored to a large one can unexpectedly modify the motion of the whole system. Impacting systems have been extensively studied theoretically both considering rigid [11] [12] [13] [14] [15] [16] [17] and soft constraints [18] [19] [20] .
In previous experimental investigations, a common approach was to provide the system excitation through the base, as was done, for example, by Moon and Shaw in [21, 22] . The considered system consisted of a cantilever beam clamped at one end and free at the other end, where the motion of the free end was constrained by an aluminium stop. The clamped end of the beam was attached to a large electromagnetic shaker and driven periodically. Bounded, non-periodic or chaotic vibration were observed experimentally and studied theoretically using impact oscillator model. The design of an experimental rig vertically excited by a shaker was presented by Sin and Wiercigroch in [23] , and a comprehensive experimental study of this system is conducted by the same authors in [24] . The rig comprises of a steel mass supported by a pair of parallel leaf springs to maintain the pure vertical motion of the mass. It impacts upon the screws located at the top of the secondary beams positioned on one or both sides of the oscillating mass. This rig developed in the Centre for Applied Dynamics Research at the University of Aberdeen has been used for numerous studies including ones by Ing et al. in [25] [26] [27] , where global system bifurcations and the narrow band of chaos appearing close to grazing orbits were investigated. Another example of a base driven system is provided by an impacting pendulum with horizontal excitation presented by George et al. [28] . This system was composed of a hard rubber ball attached to a rigid-arm pendulum coming in contact with a fixed barrier, and the angular position of the pendulum was recorded. The transition behaviour of the system before settling was the focus of this investigations, and co-existing attractors and super persistent chaotic transients were studied.
Recently, several studies were focused on multistability of nonlinear dynamical systems. Multistability is observed when depending on the initial conditions, the system response can converge towards one of a number of co-existing attractors. This interesting phenomenon occurs, for example, in rotor dynamics [29] or impact oscillators [30] with co-existing impacting and non-impacting regimes or in gear rattle systems [31] . Depending on the specific system requirements, switching between co-existing attractors either should be avoided to increase the operational lifetime or could be desired to rapidly bring the system from one stable state to another one while minimizing the control effort and transition time [30] .
The latter can have useful applications in smart structures [32, 33] or energy harvesters [34] . Several control methods have been applied on a double pendulum system in [35] and on a bi-stable truss in [36] . A review of these methods is presented in [37] . In order to implement, test and develop such control methods, there is a need for a new rig where control could be applied directly on the mass of the oscillator.
In this paper, the design of a new impact oscillator is presented, in which the excitation is applied directly on the mass. The mass of the oscillator is actuated by a magnetic field which causes mass to move in horizontal direction. Similar design with vertical magnetic levitation system used for energy harvesting has been developed by Kecik in [38] , where the dynamics of a vertically excited magnet oscillating inside a coil is investigated. The coil was placed at mid-height of a plexiglass cylinder with two fixed magnets at its extremities. It was observed that when the amplitude of the magnet oscillations increases under external loading, the coupling between the magnetic field of the coil and the magnets actuating the mass results in a hardening behaviour of the system.
The rest of the paper is structured as follows. In Sect. 2, the design of a new mass excited impact oscillator is presented where configurations tested to improve the original system are discussed. The actuation process of the mass has been investigated, and several types of excitation methods have been compared to achieve an acceptable interplay between an excitation applied directly on the mass and the natural dynamical behaviour of the system. In the following section, identification of the system parameters is presented, and then, some preliminary experimental results are detailed and discussed in Sect. 4. Finally, concluding remarks are given.
Rig design
In this section, an evolution of the design of the new impact oscillator is outlined. First, an oscillator driven by a magnetic field is presented and the different components of the rig are discussed. Then, the successive modifications of the original design are described. 3 which is supported by two parallel leaf springs. This arrangement allows to ensure the displacement of the mass in one direction only. The leaf springs of adjustable length (50−120 mm) are fixed to a square pillar and then attached at the top of the main column which has height of 300 mm and stands on a large aluminium plate with dimensions of 500 × 330 mm 2 . The mass is excited by a magnetic field generated by two copper wire coils of 100 mm diameter and 100 mm length which have 250 turns each and are placed from both sides of the mass. The current supplied to the coils can be increased up to 10 A. The materials chosen for the structure are from non-magnetic range, mainly aluminium with the exception of the steel mass and the leaf springs. Five support legs of the rig are sized as 75 × 50 × 50 mm 3 and are screwed to the base plate. Two pairs of impact beams have been used (with cross sections of 6 × 5 mm 2 and 6 × 15 mm 2 ) to provide secondary support. They are added on each side of the mass to restrict the mass motion, and their position and length are adjustable in the range of 95 − 105 mm.
The square pillar, marked in Fig. 1 by number 3, can slide vertically along the main column so that the length of the leaf springs could be adjusted. This allows to vary considerably the value of stiffness, damping coefficients and natural frequency of the oscillator. The secondary support impact beams are also mounted on adjustable brackets (marked by number 6) so that the desired secondary stiffness could be achieved. The coils providing the excitation are attached to a slider (marked by number 8) which allows to move them closer or away from the mass depending on the requirements.
Instrumentation of the rig
There are three main sensors originally installed on the rig including an eddy current probe and two accelerometers, one for the motion of the oscillating mass and the other one for the support structure. An eddy current probe is positioned on top of the leaf springs. It records a voltage variation and allows to determine displacement of the mass by using an appropriately calibrated proportional coefficient. Such calibration procedure will be described in Sect. 3. The calibration is repeated when the length of the leaf spring is changed. The signal of displacement is then differentiated numerically to obtain the mass velocity. Two accelerometers, one attached to the mass and one placed at the top of the main column, record, respectively, the mass acceleration and the base acceleration. They are essential and complementary to measure the motion and residual signal such as the mechanical noise.
Once the components of the rig were manufactured and assembled together, the first set of experiments was carried out. They confirmed that the chosen set-up was not able to produce the required range of the excitation force amplitude and also that the supporting frame was not rigid enough to suppress structural vibration. Therefore, further modifications of the rig were undertaken and they are described in the following section.
Improved design
In this section, first the optimisation of the rig is discussed, and then, the improvement in the mechanical design is performed to reduce the noise in the structure resulting from impacts. In addition, various sensors have been added to the rig and a LabVIEW program was developed to drive the system and to control the magnetic force of excitation. The LabVIEW data acquisition system allows to control the input signal according to the force threshold and captures the data automatically once the user defined the parameters of the experiments.
Excitation force
Several different types of excitation methods have been compared in the current study. First, the magnetic field was strengthen by increasing the diameter of the iron cores and by adding two cylindrical magnets, attached to the mass from both sides. This modification aimed to generate a constant magnetic field between the coils and the mass. The signals recorded were clear and had reasonable amplitude but were not sinusoidal because of uncertain interactions between the first and the second coils. To obtain a harmonic signal, the use of one coil only became necessary, but this resulted in a reduced range of the excitation amplitude.
A constant and uniform magnetic field was also desired, and this was achieved by positioning coil poles close enough to the mass. The diameter of the coil was chosen to be ten times larger than the distance to the mass of the oscillator, as in this case the magnetic field applied on the mass could be considered direct and constant. Figure 2a shows a coil of 160 mm diameter filled with a huge steel core of 5 kg which was now selected for the experiments to generate a suitable excitation. However, to achieve the desired motion, the mass had to be smaller. Therefore, several different types of plastic masses have been designed and 3D printed. Figure 2b presents an assembly used to obtain four different values of the oscillating mass. Different types of inserts were manufactured, and they are shown in Fig. 2b (marked by numbers 2-5). They were placed between the covers (marked by number 1), and the leaf springs were positioned between the covers and the inserts and were fixed by a number of screws. Steel mass (marked by number 2), 3D printed plastic perforated mass (number 3), 3D printed plastic mass with a cavity to add a square aluminium insert (number 4) and lightweight 3D printed plastic mass with two holes (number 5) were tested in the experiments.
A number of experiments were conducted using configurations with different masses, but for very light plastic mass the recorded signals contained significant noise which had to be heavily filtered. This resulted in a loss of data containing events such as impacts, and therefore, such a configuration was not acceptable. Different coil sizes and types of magnet have been tested to optimise the displacement of the mass and obtain clear sinusoidal oscillations, but the proposed configuration did not work.
Finally, a solution was found which involved a further modification of the mass shape. The mass was linked with a 6-mm-diameter threaded rod to a cylindrical magnet of force 15 kg-pull, 20 mm long, 20 mm outer diameter, 6 mm inner diameter as shown in Fig.3 so that this magnet could be placed inside the coil (approximately in the middle) of diameter 50 mm and length 50 mm. The magnetic field is constant inside the coil on its axis if the magnet oscillates around the centre. The inner diameter of the coil is close to the diameter of the cylindrical magnet to improve the actuation surface between the varying field of the coil and the fixed field of the magnet and limit the loss of the field in the air.
Alternative methods of generating direct excitation on the mass were also explored. One of the considered ideas was to connect a linear DC servomotor directly to the mass. The other one was to connect the mass to a small shaker with a rod. Although the moving parts of the shaker used were six times lighter than the mass, during experiments it appeared that the behaviour of the system was dominated by the motion of the shaker Finally, the best experimental configuration was found based on the optimal reactivity of the mass on the variation in the magnetic field while keeping the natural dynamical behaviour of the oscillator. For the configuration shown in Fig. 3 , the chosen actuation process allows to drive a relatively heavy mass achieving lower level of noise, and therefore, further experiments were undertaken using steel mass.
Structural support
The designed impact oscillator aims to study dynamics occurring during impacts, and it is essential to have an accurate measurement of the instant when impact occurs and the time length, when the mass is in contact with the secondary beam. The originally recorded experimental signals generated using the rig shown in Fig. 1 were characterised by a noise with very low amplitude and high frequency. This noise, even very small, was confusing the experimental results and the supporting structure had to be reinforced. Therefore, it was decided to strengthen the structural support by adding two extra columns symmetrically placed around the main column and fixing a triangular plate behind the main column as shown in Fig. 4 . This extra reinforcement was designed to reduce the unwanted structural vibration when impacts occur.
The comparison of the results obtained using the originally designed rig and the improved one is shown in Fig. 5 . Harmonic excitation force of the same frequency 4.5 Hz and the same amplitude of 0.9 N was applied, and the recorded signals from the force transducer are shown in Fig. 5a and b. The comparison of the fast Fourier transform of the acceleration of the base is presented in Fig. 5c for the original design (see Fig. 5e ) and in Fig. 5d for the improved design ( Fig. 5f ). It can be seen that the noise at frequencies around 100 Hz The modification to the original design reduced the recorded noise significantly so that it becomes possible to recognise the time and the length of the impact. The noise occurring at higher frequencies is attenuated by a low-pass filter (with a cutting frequency fixed at 200 Hz) at an acceptable range for the study of impacts.
Instrumentation and control of magnetic force
To enhance the monitoring of the system behaviour, a new force transducer and an accelerometer attached to the impact beam were added to the modified rig and the locations of all sensors are shown in Fig. 6 . From three sensors described in Sect. 2.2, two sense the motion of the mass (an eddy current probe presented in Fig. 6a and an accelerometer attached to the mass shown in Fig. 6e ) and one monitors the base behaviour (an accelerometer attached to the support plate as shown in Fig. 6c ). In addition, a load cell shown in Fig. 6d and an impact beam accelerometer shown in Fig. 6e have been introduced in the new rig. This S−beam load cell was fitted between the coil frame and the coil, and it records the reaction force resulting from the interactions of the magnetic field with the magnet linked to the mass. The load cell is necessary to evaluate the force acting on the mass and can be used to control it or to characterise the coupling between the magnetic field and this force.
The recorded reaction force can vary considerably near the resonant frequency. However, most of the time, amplitude of the force acting on the mass needs to remain constant during specific set of experiments, and therefore, it needs to be controlled. To implement such control, a Proportional Integral Derivative (PID) controller routine has been created in LabVIEW which allows to vary automatically the current in the coil in order to keep the force amplitude constant. The expression of the control function is:
where F(t) and i(t) are, respectively, the force and current signals, t s is the waiting time before applying the control and the gain values k p , k i and k d depend on the frequency of the force signal and can be modified manually by the user in the LabVIEW interface.
The controller runs until reaching the target value of force amplitude, and the data acquisition starts when the force amplitude is steady after a waiting time of length defined by the user. LabVIEW drives the vari- able current in the coil and records data at the mean time. The current signal from LabVIEW needs to be amplified using two DC power supplies to obtain a current between 0 and 10 A.
Calibration and identification of the rig parameters
To facilitate the comparison between the experimental and theoretical results, a systematic evaluation of the experimental parameters has been carried out. The installed eddy current probe was calibrated first, and then, the free vibration tests were conducted to find out the natural frequency of the system and to estimate stiffness of the leaf springs and structural damping. It should be noted that when any changes are made to the length of leaf spring, location of the eddy current probe, or to the position of the mass, the same parameters identification process needs to be repeated.
Eddy current probe calibration
The eddy current probe situated on the top of the leaf springs records a variation in voltage resulting from the displacement of the leaf springs. The displacement on top of the leaf springs can be considered as being proportional to the displacement of the mass at the bottom if the mass only oscillates horizontally in a small range around the equilibrium position. Inserts of known width are added between the mass and a fixed support, and the corresponding value of voltage of the eddy current probe is recorded ten times for inserts added on each side of the mass. Figure 7 presents the results of the calibration conducted for the leaf spring length of 105 mm. As can be seen from this figure, there is a linear relationship between the recoded voltage from the eddy current probe and measured displacement of the mass. It is expressed as Diplacement = (Voltage−6.3298)/0.24552. 
Gap and the instant of impact
The accelerometer placed on the impact beam is used to obtain the precise time of impact and the gap g between the mass and impact beam. To improve the precision in setting the impact gap g, a screw was added to the tip of each impact beam. Impact start time was evaluated by identifying the first peak in the beam acceleration caused by a contact with the mass. Figure 8 shows the identification scheme for which the estimated errors in impact timing and the impact locations are 5 × 10 −5 s and 0.05 mm, respectively. The moment when the mass lose contact with the beam can also be identified by the change of the impact beam acceleration signal to a damped sinusoidal function. These precise measurements can identify grazing incidences and help tune up the experimental rig to a desired behaviour. The impact beam acceleration signal also provides a way to qualitatively identify high and low amplitude beam acceleration impacts.
Coefficient of damping and stiffness
To determine the coefficients of damping and stiffness of the leaf springs, free vibration texts were performed. The sample of the recorded displacement of the mass is shown in Fig. 9a and b . The tests were repeated ten times, and the results were averaged to obtain the period of the free vibrations and the natural frequency. The Fast Fourier Transform of the displacement signal was also calculated, and the results are shown in Fig. 9c . The natural frequency was obtained as f 0 = 9.3 Hz (ω 0 = 2π f 0 = 58.3 rad/s), and the period of free vibrations was recorded as T = 0.11 s. The logarithmic decrement method was used to determine the damping ratio, and the logarithm of maxima of displacement amplitude is presented in Fig. 9d . The damping ratio was obtained as ζ = 0.00167. The stiffness of the leaf spring was calculated using the natural frequency of the system as k = Mω 2 0 = 4.499 N/mm. The parameters of the impact support beam could be studied following the same process, but its dimension is small for adding a sensor and record the vibration. Therefore, instead the static tests were conducted where the value of the stiffness was determined by statically deflecting the beam with a press and recording the load necessary to reach a certain displacement. The results of these tests are shown in Fig. 10 where force versus displacement curves are presented for six different configurations of the impact beam. Two cross sections were investigated, specifically 6 × 5 mm 2 and 6 × 15 mm 2 , and three different values of the beam length were considered of 95, 100 and 105 mm. Static tests were repeated five times for each combination, and then, the averaged impact support beam stiffness was obtained. The experimental parameters including all variations in the support beam stiffness are summarized in Table 1 .
Preliminary experimental results
In this section, the initial experimental results are presented. The study has been performed for three system configurations: the oscillator without a constraint, for the oscillator with a high stiffness beam constraint and for the oscillator with a low stiffness beam constraint. The set-up of the rig is the same for each case, and a beam is placed at a distance (gap) of 4 mm from the mass equilibrium position. The system parameters were readjusted slightly resulting in linear natural frequency around 9.1 Hz which is different from the value given in Table 1 . A beam of larger cross section is used to investigate a harder impact scenario and the one of smaller cross section, more flexible, to consider softer impacts. The results are presented as the selected trajectories on the phase plane as shown in Fig. 11 , time histories of the recorded signals as demonstrated in Figs. 12, 13, 14 and 15 and bifurcation diagrams in Fig. 16 . In Fig.11 , trajectories on the phase plane are shown for three considered cases when the oscillator is excited by a harmonic force of amplitude of 0.5 N and frequency 9.35 Hz which is chosen to be close to the resonance frequency of the mechanical system. Figure 11a demonstrates the response of the system without constraint, whereas Fig.11b shows the response of the system with an impact beam of section 6 × 15 mm 2 and Fig.11c presents the response of the system with an impact beam of section 6 × 5 mm 2 . As can be seen from this figure, in all three cases coexisting responses are observed where a low amplitude non-impacting orbit co-exists with a large amplitude orbit. In Fig.11a , this larger orbit has the highest amplitude which is reduced with the increase in impact beam stiffness. As can be seen in Figs.11b and c, higher level of noise caused by the impacts is observed in the system with stiffer beam which is presented in part (b). Figures 12, 13, 14 and 15 present the scenarios shown in Fig. 11 in more details. In these figures, each recorded time history is shown from 0 to 0.5 second, but a waiting time of 30 seconds has been observed before recording the data to avoid the transient state. The harmonic voltage produced by a generator using LabVIEW is shown in parts (a) of these figures. It should be noted that this signal is recorded when a feedback loop is applied to control the force amplitude at the required level of 0.5 N. Parts (b) show the measured voltage in the coil, and parts (c) present the reaction force measured by the sensor discussed previously. Parts (d) demonstrate the acceleration of the base, and finally, parts (d) and (f) show the acceleration and displacement of the mass, respectively.
The non-impacting system is considered first, and time histories of the signals recorded are shown for large amplitude orbit in Fig. 12 and small amplitude orbit in Fig. 13 . The former one corresponds to blue orbit presented in Fig.11a , and the later one corresponds to the red orbit. In both cases, the acceleration of the mass is periodic and the acceleration of the base is close to zero. The main difference is observed in the shape of the signal of the reaction force, which it is no longer harmonic for the higher amplitude response as shown in Fig. 12c . Figure 14 presents time histories of the recorded signals of large amplitude orbit for the oscillator constrained by the beam of cross section 6×15 mm 2 which is introduced in Fig.11b . Here, the impact is clearly visible both in the mass displacement and acceleration signals in parts (e) and (f). Black horizontal line in Fig. 14f shows the location of the impact beam, and impacts occur when displacement crosses this line. In Fig. 14e , impacts are manifested by sharp peaks in acceleration signals, and width and height of these peaks reveal the duration and the strength of the impacts as previously discussed in [26] . As can be seen from Fig. 14d , the amplitude of the base acceleration is still low, but occurrences of the impacts can be identified by larger peaks in the signal. Finally, the presence of higher harmonics in the reaction force signal shown in Fig. 14c should be noted. For the small red amplitude orbit from Fig. 11b , time histories of the signals are very similar to those presented earlier in Fig. 13 .
Finally, Fig. 15 depicts time histories of the recorded signals of the large amplitude orbit for the oscillator constrained by the beam of cross section 6 × 15 mm 2 which is introduced in Fig.11c . The same as in the previous case, impacts are easily identified on the mass acceleration and displacement trajectories. In this case of softer beam, they are also visible in the coil voltage signal in Fig. 15b . It is interesting to note that due to softer beam, the height of the impact related peaks is smaller in the base acceleration signal than it was observed in the case of harder beam.
The three cases shown in Fig.11 are part of the bifurcation diagrams presented in Fig. 16 where the results for the system without constraint are demonstrated in Fig. 16a and b, for the system with the impact beam of section 6×15 mm 2 and the gap of 4 mm in Fig. 16c and d, and for the system with the impact beam of section 6 × 5 mm 2 and the same gap in Fig. 16e and f. These diagrams are constructed by increasing and decreasing the excitation frequency in the range 8.9−9.5 Hz for Fig. 16 Bifurcation diagrams in blue constructed by increasing the frequency values and in red for decreasing the frequency in the range 8.9-9.5 Hz. The black line marks the frequency chosen for the phase planes shown in Fig.11 As can be seen from this figure, the applied control was effective in keeping the amplitude of the force acting on the mass constant at 0.5 N. Non-impacting linear responses were observed for all three system configurations below the first grazing incident. Above 9.13 Hz, the co-existing solutions are recorded in all three cases. Our further investigation shows that for the system without constraint, those are caused by nonlinear behaviour of the leaf springs supporting the oscillator mass when the large mass displacement is observed close to the mechanical system resonance [39] . For the two cases where the impact beam is present, the nonlinearities are caused by the impacts alone as the displacement of the mass is restricted in this case. Low amplitude responses observed at higher frequencies and shown in red in Fig 16b, d and f are non-impacting linear responses demonstrated in Fig. 11 . As can be seen from Fig. 16d , a mixture of impacting period-1 and chaotic responses is recorded for the configuration with the stiffer impact beam and the detailed bifurcation analysis of such impacting system will be a subject of further investigation to be presented in a separate publication.
Final improvements
Further modifications were introduced to reduce the nonlinearities related to the magnetic coupling. The iron rod connecting the magnet and the mass was replaced by a stainless steel one to eliminate any hysteretic behaviour due to induced magnetization. Also, a realignment of the mass and coil was performed to better position the magnet inside the coil. These processes altered slightly the leaf springs active length leading to slight variations on the rig parameters. The same identification procedure was performed to obtain the new parameters of the rig: leaf springs stiffness k 1 = 4330 N/m and linear damping ratio ζ = 0.0018. Figure 17 shows the detailed signals for the nonimpacting case at the frequency of 9.3 Hz, near the new resonance frequency of 9.1 Hz. There is little to none nonlinearities present in the reaction force signal in Fig. 17c or any excitation signals as shown in Figs 17a and b. Also, the noise on the force signal is reduced. These results show that the magnetic field coupling nonlinearities were reduced by the applied changes.
Closing remarks
The design evolution and the initial experimental results of the novel impact oscillator rig developed by the Centre of Applied Dynamics Research at the University of Aberdeen have been presented. In this rig, the excitation force is generated electromagnetically and it acts directly on the mass in contrast to the most of the similar rigs where the excitation passes through the structure. This significantly enhances the flexibility of the system control allowing to follow a particular orbit under parameter changes and(or) to observe subtle new phenomena. The oscillator has been designed considering the simplicity of manufacturing, the cost and the adaptability of the parameters to cover a wide range of experimental configurations.
The actuation process of the mass has been investigated, and several types of excitation methods have been compared. The final configuration employs one coil of copper where an alternating current generates magnetic field introducing excitation force on the mass. The current signal is adjusted and controlled with a LabVIEW program to obtain a desired excitation force. Impact beams are introduced to study impact phenomena in details, and careful considerations of the suitable operating range will be required to determine the system parameters where impact nonlinearities are separated from effects introduced by nonlinear behaviour of the leaf springs. In general, for large gaps and high forcing amplitudes combined nonlinear effects are expected in the system response; however, for low forcing amplitudes and small gaps the system can exhibit pure impact nonlinearities and can be used to study impact phenomena. The preliminary experimental results demonstrate a wide range of non-linear responses including various periodic orbits, coexistence of attractors and chaotic behaviour. The direct excitation applied to the mass allows to implement control to the system, and it can be used to provide nonharmonic excitations as well.
